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In this paper we study the property of uniform convergence for a certain nodal
spline interpolation operator. After solving for the corresponding B-spline
coefficients from a transposed Vandermonde linear system, we derive a Jackson-
type estimate in which the dependence of the associated constants on order
and mesh ratio has been explicitly calculated. Sufficient conditions for uniform
convergence are then easily obtained. € 1993 Academic Press, Inc.

1. INTRODUCTION

In the construction of spline approximation operators if often seems
desirable to obtain the three properties of locality, interpolation, and
optimal polynomial reproduction. However, it was shown in [2,
pp. 109-110] that, in the case where the knots of the spline space are
chosen to coincide with the interpolation points, the two properties of
locality and interpolation are incompatible for quadratic and higher order
splines. Employing a procedure based on the introduction of additional
knots, De Villiers and Rohwer [2, 3] constructed and demonstrated, for
arbitrary order, a so-called nodal spline approximation operator which was
shown to indeed possess the desired three properties. Similar approaches
have been followed by authors like, for quadratic splines, Neumann
and Schmidt [4, pp. 307-309], and for arbitrary order splines, Dahmen,
Goodman, and Micchelli [ 1].

The principal aim of this paper is to establish a Jackson-type estimate,
as well as resulting sufficient conditions for uniform convergence, for the
nodal spline interpolant constructed in [2,3]. In accordance with the
usage in [37], we henceforth employ the terminology primary and secondary
knots for, respectively, the above-mentioned interpolation-points and
additional knots.
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NODAL SPLINE INTERPOLATION 267
2. NOTATION AND PRELIMINARIES

Suppose that [a, 6] is a given finite interval on the real line R, and for
a given integer m =2, let the integer » satisfy n=m — 1. Let Z denote the
set of integers and suppose {x,;;ieZ} is a strict increasing sequence of real
numbers, but with the choices x,=a, x,, _;,, =5. We define the partition
4 of R by

4 ={x;ieZ}.
Next, we introduce the notation
Eoi = X yis ieZ,
and define the corresponding partition 77, of R by
1, :=1{¢, ,iel},

so that clearly I7,, < 4, with ¢, ,=a, ¢, ,=5b. We call the points of 77,
and 4'\[T,,, respectively, the primary and secondary knots corresponding to
the partition 4 for a given value of m.

We write P for the set of polynomials of order m (degree <m—1),
whereas the symbol S,,(4) denotes the set of polynomial splines of
order m and with simple knots at the points of 4, so that se S,,(4) if and
only if

S(X)=Pi(x), .Ye[xi, xi+1J1 iEZ,
with p.e P™, ieZ, and se C"" “*(R). We write B[a, b] for the set of real-
valued functions defined on [a, »] and employ the usual symbol 4, for the
Kronecker delta.
In the paper [3] it was proved constructively that there exists a local

spline approximation operator W: B[a, b] — S,.(4) with the properties of
interpolation at the primary knots,

(WINEm )=S0, 1=0,1,.,n feBlab],
as well as optimal polynomial reproduction,
Wp=p,  pebP™ (r

Noting that, in the linear case m =2, Wf is trivially given by the broken
line interpolant of f, we henceforth assume that m > 3. Indeed, for these
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268 J. M. DE VILLIERS

values of m, it was shown in [3] that the defining formula for (Wf)(x) on
[a, ] is given by

(Wf)(' Z f(‘;m A Wi \‘)7 X€ [ém__/s ém,j+l]’ .]= Oa 15 ey B— ]7 (2)

Py

where
p;i=max{0, j—i + 1}, g, :=min{n, j+iy}, (3)
and with the integers i, and i, defined by

‘0':{§(m+1), m odd, —(m+1)— iy, @)

1
sm+1, m even,

In the representation (2), the relevant values on [a, b] of the functions w,,, ;
can be calculated from the formulas

m—1
X—Cos
l—[ _L._._’ X€ [a’ ém,il - l]’
k=0k#i émi_ém.k
wm.i(x): S,,,_,'(X), X € [5m.i1—l’ ém.n—io+1]s (5)
m- 1 4
X—C -k
l—[ “—-—_T_”_’ X€E [ém,nfio+lab]’
k=0k#n—i émi_gm,nfk

where, according to (4), the middle line of (5) is only applicable if #n = m.
Moreover, in (5), s,,; belongs to the set of nodal splines {s,,;;ieZ}c
S,.(4), as constructed and studied in the paper [2], where each s, ,; has
compact support [ém, io» Sm.i+q] and is nodal with respect to /71, in the
sense that s, ,(¢,, ;) =0, je Z. In addition, the B-spline series for s, ; has
the form

m-2 o+ (m 1)

Smil¥)=32 X i Bom e X, xeR i€Z,  (6)
=0

J=—1
with {B7;keZ} <= S,,(4) denoting the normalized B-splines as defined in
[5, p.241]. In the series (6), for fixed ie Z and re {0, 1,..,m—2}, the
coefficient set {a,, ,; j= —iy, —ip+1,.., —ip+(m—1)} can be charac-
terized as the solution of the (nonsingular) m x m linear system

—ig+ (m-1)

Z (ém.i—j)k Ui jr i =Birks k=0,1,.,m—1, (7)
j= -1y
with
(_l)k ky I m—1
ABi,r,k :=_—1)T jr ! k)(O) lpi,r(x) = ],—[ [x_x(m—l)i+r+t]' (8)

(m ~

=1
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FiG. 1. The quadratic nodal spline s, ;, as given by the B-spline series (6), in the case of an
equidistant partition 4.

As an illustrative example we have drawn, in Fig. 1, the quadratic nodal
spline s, , in the case where 4 is an equidistant partition.

Next, for the given primary partition a=¢,, <&, < --- <&, ,=b of
[a, b], we define the primary norm H,, , and local primary mesh ratio R, ,
by

Hm,n = ‘Ta<x !ém.i_ ém,i* II’ (9)
lém i ém i1 ‘

R, =  max ol Smizll (10)
) t<ijenmli=j=118m ;= &p il

Note in particular that R,, ,> 1, with equality if and only if the primary
partition is uniform.

Suppose fe C[a, b] is given, and define the associated error function
€m,n DY

em,n(x) :=f(x)‘(Wf}(x), X€E [aab]' (11)

Our purpose here is to prove that there exist positive numbers ¢, and ¢,
both depending only on m and R,,,, such that the maximum norm
el . I=max, <. <sle,, ,(x)| satisfies the Jackson-type estimate

“em,n“x <Clu)(.fs CZHm,n)s (12)

with the modulus of continuity o defined by

w(f;d):= max |/(x)—=f( ) (13)

lx—pl<d: x, re(ub]

It is immediately clear from (12) that if, for a fixed value of m, we have a
sequence (in n) of primary partitions for which H,,,,, — 0, n — oo, and also
¢, and ¢, are uniformly bounded in n, then the uniform convergence result
e, ,ll.. =0, n— oo, holds. Note in particular that the bound in (12) is
independent of the placement of the secondary knots.



270 J. M. DE VILLIERS
3. AN ExpriciT FORMULA FOR THE B-SPLINE COEFFICIENTS o, ;

Our first step toward the desired result (12) is to solve explicitly from the
linear system (7) for the B-spline coefficients {«,, } appearing in (6).
Indeed, recognizing the coefficient matrix corresponding to (7) as the trans-
pose of a Vandermonde matrix, we deduce, in analogy to the situation in
[2, pp. 113-115], the formula

LT (DR, P0)

i+ i i+ jr

A = s 14

s (m—1)! ¢i+/.j(ém.i) (14)
with the polynomial ¢, ;€ P™ defined by
i+ (m- 1)

¢i./'(x) = 1_[ (x_ém.if\-)' (15)
v= — v J

It should be pointed out that, whereas in [2] the linear system (7) was first
transformed into an equivalent form [2, Eq. (3.25)] before being solved, we
find it more convenient here to solve (7) directly.

We show next that the formula (14) can be expressed entirely in terms
of differences between knots. Indeed, defining the integer sets

M, :={—iy, —iy+ 1, ., —ig+(m—1)\{j},
J= —dyy —ig 1y —ig+ (m— 1), (16)

we have the following result.

THEOREM 3.1.  The B-spline coefficients in (6) are given by the expression

1
al.r. i = (

m—1)

g+ (m—1) % ¥
x Z ‘ ‘-.»m.i-f—j—k '\(m Wi+ j)+r+ v

- Z
I<vism  Lke Mpvgdistinet k= -ig:k#/ Smi+j—k " Smi

(17)
The proof of Theorem 3.1 depends on the following two lemmas.
LeEMMA 3.2.  Let u denote a positive integer and suppose {31, Y2, . ¥} = R.
Then
“ I
H (x_q/‘r) = z (_ 1 )k ak( 1> 7’2’ Rt} '}Fll) x}l**k’ (18)
k=0

r=1
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with

Uk(y] > 725 e }'p)

u—k+1 n—k+2 »
Y v Y e Y e k=l2..
= =1 =i+ 1 k=g 1+ 1 (19)
1, k=0.

Proof. Since (18) clearly holds for p =1, it suffices to show that, if (18)
holds with u replaced by some given ve {1,2, .., u— 1}, then it also holds
with p replaced by v+ 1.

Now clearly, from the inductive hypothesis,

v+l

IT x=3)

r=1

=|: Y (=D oy, ) X k] [x=7041]

k=0

=x"*"1 4 Z (—l)k[ak(}'la e P F Vs 10k (Vs s 7)1 XY Tk
k=1

+ (— 1)“+1 0,4 1(?[1 ] T\*-«»l)?
by virtue of the definition (19), together with the fact that

v+ 1

}",+16‘,(7'1, ey )vr)z n Te=0,4 1(}']7 ey yv+l)'
-1

Hence it remain to prove the identity

Gk(?]""’ "va)+yv+lo'k7](yl""’ ﬂ/‘v)zo-k(yl"“s yv+l)’ k= 132’ ey Ve (20)
But, from (19),

O’k(.}’l 3 secs y"+ i )

v+2—k v+3-k v v
= z ?i] Z ‘})izll.' Z yik-| [ Z }’ik+’yv+l]

=1 =1+ 1= _2+1 k= _(+1
v+1—k v+2—k v
= X Vw X Ta L Vi
=1 h=i+1 =1+ 1
v—(k—11+1 v—(k—1)+2 v
et L Th X Tatt X Talw
n=1 h=i+1 o1 =ik-2+1

immediately yielding the desired result (20). Q.E.D.
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LEMMA 3.3, Let u denote a positive integer and suppose {a,, o,, ..., &, }
and {f,, B, .., B} are subsets of R. Then the polynomials p, q& P* defined

by

=1 (x—2),  qx):=]] (x—8,) (21)
r=1 r=1
satisfy the identity
S (—1p*(0) g% 4(0)
k=0
(-1 Y @=B) Y (=B
it=1 =1h#i (22)
Z (ai,‘_ﬁy.)'
iy= Ly # iy iy 1

Proof. Applying the identity (18) to the polynomials in (21) we easily
find that

m

Y. (= 1) p®(0) g~ 4(0)

= (_l)ﬂ 2 (__l)k k‘(ﬂ“k)! U;AAk(ah ) au) ak(ﬁls ey B,u)‘

k=0
Hence, if we adopt the vector notation §=(f,, f,, ... f,), and define the

function F: R* > R by

H u u
= Z (ail—ﬁl) Z (aiz_BZ)'” Z (aiﬂ_ﬁy)a (23)
=1 h=1:#1 =L # 0, iy

it will clearly suffice to prove that
n
FB)= Z YoklWu—k) o, wlay, o a,) 0ulByy s B (24)

Our method of proof consists of showing that the right-hand side of (24)
is precisely the multivariate Taylor expansion with respect to the origin
{p=0) of F.

First, we see from (23) and (19) that

FO)=ulo, (o), .. 0,). (25)
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Next, observing that the order in which the components of B appear in the
definition (23) can be permutated arbitrarily without changing F(B), we
calculate the derivatives

OF _
—_(0): —(lu—l)' O-;(-—l(a[a-ns ul‘)’ 1= l, 2, ey My
0B, (26)
azF (0)= 2'(.‘1—2)‘ Uu72(11’---y a;z)! j?&i)
2B, 0B, 0, j=i.

In general, for ke {l,2,..,u}, and with v,, i=1,2, .,k denoting a
sequence of integers such that 1< v, <y, v, distinct, we deduce from (23)
and (19) that
okF
6Bvlaﬁvz e aﬁvk

Finally, we combine the results (25), (26), and (27) to calculate the
desired Taylor expansion; we find that

(0) = (— V¥ kM — k) 6, ()5 - 0,0, (27)

FB)= Y, 2 L 0)p g
k=0 k! 1< v <pi=1,2,...k;vdistinct aﬁ"l aﬁvz T aﬁ"k e "
L1
= Z 7(-' [(—1)" kWu—k)! ou,k(a,, vy a“)]
k=0"t"
x Z Bvlﬂvz"'ﬁvka
1<y, <ui=1,., ki vdistinct
immediately yielding (24). Q.E.D.

Proof of Theorem 3.1. First note that one can rewrite the formula (14)
in the form
" (=D ER (=D R, (0) ¢ F(0)
s (m_ 1)' Hk_;otltomk;:]l (ém.i*ém.i+_i~k) ’
having used also the definition (15). Now apply the identity (22) with the
choicesy=m—1,p=y,,,;,,andg=¢,, ;. QE.D.

4. A UNIFORM BOUND FOR THE NODAL SPLINE §,, ;

The specific representation formula (17) of the B-spline coefficients
enables us to calculate a bound for |«;, ;| which depends only on the order
m and the local primary mesh ratio R, ,. The next (rather technical) result
is used extensively.
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LeEMMA 4.1. Let p and v be integers with O < u<n, 0<v<n. Then
= A=l >,
R R T (28)
! }_g() ‘él?l.}l - gm,u + l|’ u <w

Proof. Suppose first 4> v, whence
wov—1
|§m,u-ém.vl < Z Iém,;t—i—ém,;:—i, l's

A=0

and the top line of (28) follows after repeated use of the fact that

lém.i_ ém.l’ 1| < Rm,n Iém.i«# 1 é’m,i'a I = la 2’ ey B — 1’

as can easily be seen from the definition (10). The case u<v is proved
similarly. Q.E.D.

THEOREM 4.2. The B-spline coefficients in (6) are uniformly bounded by
i . m—|
Imi,r.jl <[ Z (Rm.n)’.:l ) (29)
A=1
with the integer i, given as in (4).

Proof. Consider the representation formula (17) of o, , ;. With the usual

convention of writing | ¢ | for the largest integer less than or equal to a
given real number ¢, we define the integer

pr=L—=(r+v)/im—1)], (30)
for which, by virtue of the fact that re{0,1,...,m—2} and v, e
{1,2,..,m—1} in (17), it is easily shown that pe{—2, —1}. Thus,
recalling the restriction m = 3, and noting from (4) that i, > 2 for m> 3, we
deduce the inequalities

—ip S i, —lot(m—1)=zpu+1,

from which it then follows that the integer sets / and J defined by
i={—ig, —ig+ 1, ., u}, Ji={p+lu+2, ., —ig+(m—1)} (31)

are indeed non-empty.
Noting also that, in (17),

1<r+v, <2m—-3<2(m—1),
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we then easily show that, for given i, r, and j in (17),

Ifm.i-#jfk_-ém,i‘;‘/), kEI>

32)
|ém.i+j7k—fm,i+j+2ls kEJ (

[Comie sk = Xim 1ir o r 4wl g{

Now we apply the inequalities (28) to the right-hand side of (32) to obtain
the bounds

lém,i-&j*k—x(mlei+j)+r+vk|
ip—1
[Z (Rm.n)/-] |£m‘i+17k—im.i+j7k71|’ kGI,
e (33)
m—i
|: Z (Rm.n)/-jl lénz.i+,ifk—‘:m.i+j—k+lia kEJ,
A=0

after having used also the bounds on k implied by the definitions in (31)
of [ and J. Also, in (17), it is clear that, for given / and j,

(Comis i e Sl

lém.iw‘j*k—ém,l#j«k—l'
>(Rm.n)7l|ém.i+/'fk—ém,i+j-—k+1|a —iy <k <},

Iém.i+j~k_iln.i-f—j\k-#l‘
z(Rm,n)71Ié.m.z‘+j7—k_ém_i+_/—/(*ll’ J<k< —ip+{(m—1),

(34)

where we have also used the definition (10) of R Noting from (4)

that

mn-

m—iy<ig—1 for m23,

we see that the desired result (29) follows by combining (17), (33),
and (34). Q.E.D.

It is now an easy matter to prove that the nodal spline s,, ;, as it appears
in the middle line of (5), is uniformly bounded in the following sense.
THEOREM 4.3.  The nodal spline s, ;, as defined by the B-spline series (6),
is uniformly bounded by
i . m—1
IS i ()] <[ Y (R,,,‘,,)’} , a<x<bh,i=01,..n (35)

A=1

with the integer [, given as in (4).
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Proof. From (6) and (29) we have, for xe [a,b] and i€ {0, 1, .., n},

io m - 1lm 2 —ig+(m—1)
'Sm,i('x‘” g[ Z (Rni,n)/‘] Z Z B:':nf])“+j)+,(x‘)9 (36)

i=1 r=0 J=—1iy

having exploited also the known property (see [5, p.243]) Bj!(x)=0,
xeR, ke Z, of B-splines. But, recalling the definition in (4) of the integer
iy, we see that

m—=2 -ig+(m- 1)

Z B:’)In' H(i+j)+r(x)
r=0 =i

(m - 1)y —m

= Y By, ,.,(0< Y BYx)=1, (37)

j=—(m—1l)ig kel

since { BY(x); ke Z} form a partition of unity for all xe R (see [5, p. 243]),
and the result (35) follows from (36) aind (37). Q.E.D.

5. A JACKSON-TYPE ESTIMATE

In order to obtain a Jackson-type estimate of the form (12) for the error
e,.,:=f— Wf, we next employ the result of Theorem 4.3 to establish an
analogous uniform bound for the modified nodal spline w,, ; appearing in
the definition (2) of (W/)(x).

THEOREM S.1.  The modified nodal spline w,, ;, as defined on [a, b] by
the formulas (5), is uniformly bounded by

m—- |

m 1
Iw,,,..r(x)IS[Z (R,,,,,,V} ,  a<x<b, i=0,1,.,n (38)

i=1
Proof. We observe from the definition (4) of i, that
p<m—1 for mz23,
and thus it follows from Theorem 4.3 that it will suffice to prove the
inequality
m— |

l—[ Ix_gm,k]

hk=0k#7 ]énz,i - 6;1;,/(]

m—1{ m-—-1
Sli Z (Rm,n))\:| ’ asxsém,il/ 1 120’ ls ey Hy (39)

A=1

and similarly for the third line of (5).
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Suppose x€[a,&,, ;. ]. Then, in the left-hand side of (39), and for

fixed k, we get

n i

"l (1 mk = Sk —1ls X <&k
X =Enel € %, (R {75 ' 40)
k AZ=:0 ’ Iim,k_ém.k+1|’ x>€m.k’ (
by virtue of the estimates (28), whereas, in analogy to (34), also
lém.i— ém,kl
2{lém.k_é"m,k+l|2(Rm,n):i|ém,k_ém.k]‘9 ’<ka (41)
‘ém.k—qnx.k\lIZ(Rm_n) |£m.k_ém,k+li’ l>k~
The desired bound (39) then follows from (40) and (41). The third line of
(5) is treated similarly. Q.E.D.

The following error estimate then holds.

THEOREM 5.2. Suppose feCla,b). The corresponding error function
€ n=J — Wf then satisfies the Jackson-type estimate

m—1

m—1
Ilem,nlixS(m+l)[ 3 (Rm,,.)“] olf;mH,, ). (42)

A=1

Proof. Fix the index je{0,1,.,n—1}, and let xe[&, ;, & 1]
Noting first from (1) and (2) that

b/
Z wnui(x) =1,

i=p,

we deduce that

lemn) =| S LX)~ FEm )] Won (%)

i=p;
< max (S0~ fEmill Y ()L (43)
S i< g; i=p
Here, from (38),
q; m—1 . m—1
3 lwm‘,-(X)(S(q,-—pﬁrl)[ Y (R,,,,,,)'] . (44)
i=p, A=1

Next, using (3) and (4) it is easily shown that

q;— p;<m, Jj=01,.,n-1 (45)
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Also, in (43),

max [f(x)—=f(S, ) So(f; max [x—¢, ) (46)

pisisy pisi<y;

by virtue of the definition (13) of w. Using (3) and (4), we see next that
[ém,/’ im,j‘f l] < [ém.p,’ ém.q,]’ and thus

max Ix - im‘il < ‘ém. I - ém‘q,‘
piSisy;
4y

< Z |ém,k—£m‘k— 1l

k=pj+1

<(¢,—p)H, ,<mH,,, (47)

having noted the definition (9) of H,, ,, as well as the estimate (45).
Now combine the results (43) to (47), obtaining the estimate

m -1

m— 1
max )e,,,,,.(-r)lé(mﬂ)[ Y (Rm.,,)"] w(f;mH,, ), (43)

Cm i S XS Emyrt P

and the desired inequality (42) follows by virtue of the fact that the right-
hand side of (48) is independent of ;. Q.ED.

Recalling the fundamental modulus of continuity property
w(f,6)~0,6—-0 if feCla, b],

we can now immediately deduce, from (42), the following sufficient condi-
tions for uniform convergence.

COROLLARY 5.3. Suppose f€ Cla, b], and, for fixed m, let
a=¢, o< < <&, =h n=m-—1,m, ..,

be a sequence of primary partitions such that

(a) H,,—>0,n->0w0;
(b) R,,<R,,n=m—1,m,..,

Sfor some positive number R,, which is independent of n. Then

”em,nH P Oa n— o0,
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